We analyze the change of angular gain and vibration frequency of solid-wave gyroscopes as a result of geometry perturbations due to thermal expansion. We formulate a temperature sensitivity analysis by assuming a linear dependence of material properties to temperature, and quantify it for common device geometries.
INTRODUCTION
The lumped model of a solid-wave gyroscope involves two degenerate, coupled, damped and driven harmonic oscillators:
where the vectors q(t) and f (t) correspond to generalized coordinates and drive forces respectively. ω is the undamped angular vibration frequency and Ω is the rotation rate of the gyro platform. γ = ω/2Q is the damping coefficient and A g is known as angular gain [1] .
As the device temperature T changes, the coefficients of the lumped model drift. Computing γ(T ), A g (T ) and ω(T ) requires modeling geometric changes of the resonator. Since the damping coefficient γ(T ) depends on the relevant damping mechanisms, we only compute sensitivity of A g (T ) and ω(T ).
METHOD
Typical solid-wave gyroscope resonators are axisymmetric shells clamped at one of two boundaries and free on the other (Fig. 1) . The cross section of the shell's midsurface forms a plane curve on (r, z)-plane. We parametrize this curve by its arclength s and use h, L and d to represent the shell thickness, the length of the midline curve, and the distance from the clamped boundary to the symmetry axis, respectively.
Temperature variations change both material properties and geometry of resonators. The elastic coefficients of conventional materials used in microfabrication change almost linearly within the standard range of operational temperatures:
Also, due to thermal expansion, the device geometry and material density change slightly:
where α L is the thermal coefficient of expansion of the resonator material. We assume the post, attached at r = d, expands in radial direction with thermal coefficient α S corresponding to the substrate material.
First, we discretize the axisymmetric thermal expansion problem: K T u T = f T , which is inherently nonlinear; but we only need
dT in our analysis. We use this solution to differentiate the resonator shape with respect to temperature and solve for the sensitivities of the lumped model coefficients [2] . We non-dimensionalize the equations using units of length l
L . RESULTS
We investigated temperature sensitivities for three common geometries (Fig. 2) . They all have the same midline length and shell thickness. We selected d so that radial extents are the same. Table 1 shows the numerical values used in simulations. In Table 2 , we tabulated sensitivities for m = 2 and m = 3 modes for each resonator.
Since all thermal coefficients are small, we can write temperature sensitivity of angular gain or frequency as a sum of all effects: y = C L α L +C S α S +C E α E +C ν α ν , where y is either (1/A g )dA g /dT or (1/ω)dω/dT , and C's are constants for a particular resonator. By setting all α's to zero except one, we can compute the contribution of each thermal effect (Table 3, 4) .
Design C is particularly sensitive to Poisson's ratio, and so is more sensitive to temperature variations than H and T . The effects of substrate thermal expansion matter just as much to thermal sensitivity in the other designs, highlighting the importance of selection of the post material and radius. For all devices and modes, angular gain is independent of Young's modulus. Frequency sensitivity depends strongly on thermal variations of Young's modulus, much more than on any geometric effects; hence, new geometries are unlikely to improve frequency sensitivity. In contrast, by proper choice of the post radius, we can achieve temperature insensitive angular gain ( Fig. 3) . We can also formulate basic shape optimization problems as in Fig. 4 , where the cost function is defined proportional to ( Table 3 : Thermal effect components of angular gain sensitivity Table 4 : Thermal effect components of frequency sensitivity 
